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Abstract-The use of the neuro-dynamic programming method 
for real-time control of a parallel hybrid electric vehicle is 
addressed in this study. The validated model of a research 

prototype parallel hybrid electric light commercial vehicle, 
FOHEV I, is used in the numerical parts of this paper. A diesel 
engine and an electric motor power the front and rear axles, 
respectively. Due to the computational complexity and resulting 

burden for optimum power distribution in the hybrid electric 
powertrain, real-time computation using dynamic programming 
is not feasible. Sub-optimal optimization techniques are available 
for pre-defined speed profiles, however, the vehicle speed profile 

depends on the driver input and vehicle and road conditions and 
is not known a priori. A neuro-dynamic programming method is 
proposed here to solve this problem. The results are compared 
with and found to be quite close to the optimal ones computed 
using dynamic programming. 

Index Terms---Neuro-dynamic programming, real time 
control, hybrid electric vehicles, neuro-controllers. 

I. INTRODUCTION 

T
HERE is a gradually increasing development and 
production trend of hybrid petrol-electric vehicles in the 
quest for launching zero emission vehicles. Hydrogen fuel 

cell vehicle technology is seen as a solution for clean and 
efficient road transportation. Since hydrogen is not an energy 
source and not available purely in nature, it is produced using 
intermediate energy sources. As fossil fuel fed power stations 
and mixed cycles are used for producing hydrogen with the 
present technology, the well-to-wheel efficiency and pollutant 
emissions of hydrogen fuel cell vehicles are close to those of 
conventional vehicle emissions [1]. Unless hydrogen is 
produced using renewable energy sources such as solar and 
wind energy, it is not possible to reach the aim of zero 
emission. While the well-to-wheel efficiency of hydrogen fuel 
cell vehicle is around %22, hybrid electric and conventional 
vehicle efficiencies are around % 29 and %18 respectively [2]. 

Fully electric vehicles appear as long term solutions for the 
zero emission vehicle. However, they require longer lasting 
batteries and a complete infrastructure of battery charging 
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stations. This discussion shows that hybrid electric vehicles 
are the best current solution for increasing energy conversion 
efficiency and decreasing exhaust emissions. 

A parallel hybrid electric vehicle powertrain has more than 

one path of energy flow from the energy sources to the 

wheels. The driver's gas pedal input is a measure of how 

much power he wants at the wheels of the vehicle. In a hybrid 

electric vehicle, there is more than one solution of power split 

between the internal combustion engine and electri motor(s) 

that will results in the same power at the wheels of the vehicle. 

This power split problem should be solved optimally and the 

objective of a hybrid electric vehicle powertrain controller 

should be to reduce fuel consumption and exhaust emissions 

while enhancing or keeping the same driving comfort in 
comparison to a conventionally powered vehicle. Advanced 

optimization routines are employed in the solution of such a 

complex problem which requires the knowledge of the future 

driver gas pedal input, i.e. the future power request at the 
wheels. Obviously, future driver input is not known a priori. 

Even if the future driver input were predicted correctly, the 

resulting optimization problem is quite complex as the hybrid 

electric vehicle has both discrete and continuous states and 

rule based switches between its states of operation. Such an 

optimization problem can be solved using dynamic 

programming for a given driving cycle. The driving cycle 

must be known in advance in order to apply dynamic 

programming techniques. Even for a known driving cycle, real 

time solution of dynamic programming is not feasible with 

current computer processing power. Usually, the dynamic 

programming solution is computed for a certain driving cycle 

off-line and control rules are extracted and modified 

afterwards based on the optimal solution of that one driving 

pattern. 

Driving pattern recognition with neural networks [3] is 

among the proposed solutions. Different cycles are 

characterized statically using acceleration, constant speed 

deceleration and mean speed properties and these speed 

profiles are compared with pre-dermed speed profiles during 
actual vehicle operation. Then, the speed profile which 

matches the current driver commands best is determined by 
using neural networks. The optimum power distribution is 

then applied based on the previously offline computed 

dynamic programming solutions. The disadvantage of this 
approach is that the driver input may not resemble any specific 
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driving cycle. 

There are equivalent fuel consumption techniques available 

in the literature that can be used for real time control of a 

hybrid electric vehicle [4]. Fuel The equivalent fuel level of 
the battery energy is computed and the best total fuel 

consumption is then computed instantaneously. Equivalent 

fuel consumption algorithms are also only applicable for a 

specific drive cycle and a fmite horizon. 

A stochastic optimal control method for hybrid electrical 
vehicle power split which is aimed at minimizing energy 

consumption over infmite horizon was published [5]. In that 

study, power demand is treated as a random variable with a 

known probability function and probability distribution. 

Probability distribution is generated over four combined 
driving cycles by using stationary Markov chains. Thus, the 

optimal control policy is extracted under the chosen control 

law over an infmite horizon. 

In another study, a very huge amount of speed profiles are 

produced by driving a car in city traffic during specific hours 

[6]. Driving hours are selected to avoid rush hour traffic and 

then the power demand probability distribution is obtained by 

using GPS data, speed profile and road slope. Expected value 
of cost function is computed using the probability function. 

There is also a policy iteration process that requires 

considerable computation power and since the computations 
take a long time, real-time implementation does not seem 

feasible. 

We propose a new approach in this paper aimed at 

managing real-time optimal power distribution in a hybrid 

electric vehicle that is based on Neuro-Dynamic Programming 

(NDP). Finding global optimum solution for stochastic 

complex systems may require parallel computation 

environments with parallel and distributed algorithms 

regarding current computation technologies. Neural Networks 

are parallel structures in nature for approximating an unknown 
function and have been utilized successfully in artificial 

intelligence applications where decisions have to be made in a 

short amount of time. This aspect can be used to fmd sub

optimal solutions which are feasible for real-time 

implementation. 

In approximating an unknown function, the input-output 

sequence must be available for training a Neural Network. In 
this application, input should be power demand or speed 
profile with a specific horizon. The output which is the 

optimal power split may be computed in advance, optimally 

for the power demand of the electric motor or for the internal 

combustion engine. Implementation of the NDP while the 

vehicle is traveling will require an approximation function and 
an estimated future speed profile in a specific length. The 

approximation function can be attained by training the neural 

network for supplied training input and output values. There 
should be sufficient input data and training data can be 

generated using Markov Chains which complies with the 

vehicle's dynamic behavior. Outputs are then computed by 

using the dynamic programming technique. Future speed 

profile should be predicted to apply approximation function 

for hybrid electric vehicle power distribution problem. 

In this paper, we present the use of Neuro-Dynamic 

programming for designing a real-time controller for a parallel 

hybrid electric vehicle. Neuro-Dynamic programming is used 

to approximate the optimization results attained by the 
dynamic programming technique. The organization of the rest 

of the paper is as follows. In Section II, random speed profile 
generation using Markov Chains is presented. Dynamic 

programming equations are given in Section III. Speed profile 

prediction and neuro-dynamic programming are explained, 
respectively, in Sections IV and V. In Section VI, results are 

given and discussed in Section VII. 

II. SPEED PROFILE GENERATION 

Random speed profile is generated using Markov Chains. 
Markov Chain theorem states that, if there is a probability 

distribution matrix between the states, the next state can be 

determined using this matrix and it exclusively depends on the 
present state (Fig. 1.). This is called as Markov Property which 
describes the first order difference equation. 
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Pa 

Fig. l. Transition probabilities between the states 

The vehicle speed is assumed as vehicle's state. A 
probability distribution can be constructed to generate speed 

profile by using various standard driving cycles. The standard 
driving cycles used in Europe, U.S.A and Japan were 

concatenated here to construct a probability distribution matrix 

in this study since the random profile generated from a few 
cycles only carmot represent the situations that a vehicle 

experiences in real traffic. A sample probability distribution is 

given Table 1. The sum of each row should be equal to one. 

TABLE I. TRANSITION PROBABILITY MATRIX 
Speed 0 2 119 120 km/h 

0 0.94 0.03 0 0 
1 0 0.25 0.42 0 0 
2 0.5 0 0.25 0 0 

119 0 1 
120 0.06 0.90 

The size of random speed profile should be large enough in 

order to train neural networks. The random speed profile 
generated here has a length of 120.000 seconds (Fig. 2.). This 
speed profile represents the combined characteristics of 

standard cycles such as NEDC, FUDS etc. which are utilized 

to establish the probability distribution matrix. 
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Fig. 2. Randomly generated speed profile in length of 120.000 second 

The power demand for a given speed profile is also 

computed by using the longitudinal vehicle model. Equations 

for longitudinal vehicle modelling are standard and given in 
[7-9]. 

Gear positions for the generated speed profile also have to 

be defmed as they affect the dynamics of the vehicle. The 

forward flow longitudinal vehicle model which contains a 

driver and an automatic gear was used for this computation. 

The driver model is fedback by the pre-generated random 

speed profile and optimum gear positions regarding 

acceleration performance are attained. 

III. DYNAMIC PROGRAMMING & VEHICLE CONFIGURATION 

Dynamic programming is based on the principle of 

optimality posed by Richard Bellman. The Principle of 

Optimality states that whatever the initial conditions and 

initial decisions are there must be optimal control sequence 

from the states reached by fIrst decision. Control sequences 

are called policy. 

In deterministic systems, systems without uncertainty, state 

space representation is given by; 

coming from previous states is computed and the minimum 
value and the previous state are stored in tabular form. The 

optimum cost function is then computed starting from fmal 

state towards the initial state [10]. 

The state variable is chosen as battery energy level and the 

stage variable is time in Hybrid Electric Vehicle optimum 

power distribution problem. 

The cost function for every state is computed by using the 

function, 

,fr(Xr) =miI1,�(x,){glXr,Ur)+.lr+1(Xt'Ur)} 
t e(o,lj -1) 

and then stored in tabular form. 

(3) 

If the system that dynamic programming is applied to is 

complex, matrix operations take long time. In hybrid electric 

vehicle application, the optimum power distribution for the 

current travel in fmite horizon should be computed in a very 
short time interval. Another requirement is to predict future 

speed profile of the vehicle for a fmite horizon. 

The architecture of the hybrid electric vehicle treated here is 
shown in Fig. 3. 

Fig. 3. Vehicle architecture 

(1) The vehicle's longitudinal dynamics equations are given in 

Where 

k : Discrete step size 

U : Control action 

N : Control horizon 

The objective function is to minimize the aggregated cost 

function during the entire driving cycle. Total fuel 

consumption is chosen as the cost function. 

N-J 

J(i)=g(xN)+ I g(Xk,Uk)  
k=O 

Where 

g(XN) is the terminal cost. 

(2) 

This problem is solved generally starting from the last state. 
For every state at a certain time step, the cost of control action 

[7-9]. The DP algorithm is prepared for fmding optimum 

power distribution between the power sources for European 

Urban Drive Cycle while keeping the State of Charge (SOC) 
level at the same level during the beginning and end of the 

cycle (Fig. 4). 

0.605,----�----�----�--�----__, 

() o 
(J) 

0.6 

0.595 

Fig. 4. State of Charge 

1000 

23% of improvement is computed by applying the DP 

technique for EUDC with this confIguration. 
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The generated random speed profile is divided into short 
cycles for preparing training inputs for neural networks. The 
DP solutions are computed for these small intervals. 

IV. SPEED PROFILE PREDICTION 

The speed profile of the vehicle should be estimated while 
travelling in order to compute the optimum power split ratio 
between the power sources (internal combustion engine and 
electric motor) in real-time by using the neural network 
function prepared offline. 

Speed profile can be treated as time series data. 
Combination of Auto-Regressive (AR) and Moving Averages 
(MA) methods are generally used for modeling time series in 
any order and in a desired confidence interval. 

The general ARMA(p,q) model structure can be defmed as; 

solution for a predicted speed profile, sufficient time is 

available . This brings additional freedom for estimating very 

long speed profiles in high confidence intervals. Speed profile 

can be updated in this interval while horizon is proceeding 

(Fig. 5). 

k-step ahead predictio, !J-..--_____. 
/ 

. ..... 

\� r 
Two-step ahead 

prediction update 

Optimum Solution I 
'--__ Avaliable --.J 

For This Interval 
y(n) + a,y(n-l)+a2y(n-2)+ ... +apy(n-p) = 

e(n) + c, e(n -1) + .. cqe(n -q) 
(4) Fig. 5. Prediction update 

and the transfer function, 

y(n) = C(z) e(n) 
A(z) 

where 

p, q : Model orders 

e(n) : White noise 

y(n) : Vehicle Speed in HEV application 

au, Cn : Model coefficients 

(5) 

The model orders must be chosen after analyzing auto

correlation and partial auto-correlation graphs. Akaike and 

Bayesian information criterion is used to determine model 
orders. Since vehicle speed is a function of vehicle dynamics, 

road and traffic conditions as well as driver behavior, most of 

the driving cycles do not need to be modeled with higher 
orders. The speed profile's model order can be determined in 

real time using appropriate functions. 
AR-MA (2, 1) is used to estimate future speed profile in this 

study. The speed profile can be modeled by AR-MA (2, 1) 
since it is generated by using first order Markov Chains 

algorithm. Prediction algorithm used in Matlab uses Kalman 

predictor. The model is converted to state space and Kalman 

filter is used for computing k-step ahead prediction. 

Predictive control studies aim at dividing the whole speed 

profile by estimating future speed limited with prediction 

horizon and applying dynamic programming to get sub

optimal solutions. If the prediction horizon increases, 

computational effort will also increase. Prediction horizon 

must be long enough to approach global optimum and short 

enough in order not to increase computational burden since the 

DP solution is computed in real-time. 

Prediction horizon may be long in Neuro-Dynamic 

Programming (NDP) applications since all function fits are 
performed offline. Once the function is approximated, the 

evaluation of this function in the predicted horizon does not 

bring computational load as NDP computes the sub-optimal 

The entire estimated speed vector components will not be 

composed of k-step predicted speeds but they will belong to 

modified k-step ahead predicted speed family where the 

prediction horizon increases starting from one for succeeding 

speeds. 

The prediction horizon is chosen as 30 seconds for the first 
study. The estimation comparisons are given in Fig. 6 without 

estimation update for different prediction horizons. The red 

and blue profiles correspond to the actual and predicted future 

speeds in Fig. 6. If the prediction horizon is increased, the 

deviation from the real speed profile will increase as seen in 

Fig. 6 in this method. This can be mitigated by using 

prediction update algorithm as explained in the preceding 

paragraph. It is seen that this method results in pretty accurate 

extrapolation of the future speed profile. 

1 O-Step Ahead Prediction 
30.---------, 

"0 
:g 15 c. 
(J) 

10 

��--�50�0�--1�000 
Time [s] 

30-Step Ahead Prediction 

1000 

20-Step Ahead Prediction 

500 1000 

40-Step Ahead Prediction 

1000 

Fig. 6. Speed comparisons depending on prediction steps 
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V. NEURO-DYNAMIC PROGRAMMING 

Learning algorithms are classified into two groups. These 

are: supervised and unsupervised learning algorithms. Input

output sequences are supplied for the supervised algorithms. 

This is like a function fit. There is no teacher in unsupervised 
learning algorithms. The learning task is achieved by matching 

iteration results and choosing the best solution among 

iterations. Policy and value iterations are learning algorithms 
in Neuro-Dynamic programming [12]. 

The algorithms that require iterations are not convenient for 

hybrid vehicle power distribution problem. Supervised 

learning algorithm is a good candidate for solution. Once the 

training set is available, the DP solution can be approximated 

by neural networks efficiently. 

Artificial Neural Networks (ANN) have been successfully 

used in system identification, non-linear complex function 
approximation and artificial intelligence studies [11]. There 

are different neural network structures and training algorithms. 

Feed forward multilayered neural network is used for 

approximating the DP solution of optimum power distribution 

for hybrid vehicle model (Fig. 7). 

Input Layer 
of Source 

Nodes 

Layer of 
Hidden 

Neurons 

Fig. 7. Multi-layered Neural Network [8] 

Layer of 
output 

Neurons 

Multilayered neural networks consist of many artificial 
neurons at each layer that imitates the biological neuron 

behavior. Each neuron is called as perceptron. Perceptrons 

receive signals from other connected perceptrons and pulse a 
signal as a result of activation function. Every neuron has a 

bias, weight coefficient and activation functions. Feed forward 
neural networks are trained using error back-propagation 

algorithms 

The weights and biases are prepared randomly. The output 
is compared with a desired output for a given input sequence; 

the error is then computed and back propagated. Each 
coefficients and bias is modified by back propagating the error 

and using a gradient descent algorithm. Since differentiation is 

necessary, an S-shaped sigmoid function is used as in Fig. 8 

for smoothness. 

I 
0"(&)= ---

1 +e-& 

Fig. 8. Sigmoid function 

a 
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Neuro-dynamic programming is a kind of reinforcement 
learning method. The algorithm learns making good decisions 
by evaluating and comparing the actions and results It has 
gained reputation when the first backgammon game algorithm 
which was trained using NDP for several months by 
simulation beated the human champion [12]. Computations for 
training require very long times. It can be used after severe 
training durations, in a real-time implementation to generate 
very close to the optimum decision sequence. 

The cost-to-go function is approximated using neural 
network which consists of neurons having non-linear sigmoid 
functions. The model selection is made by trial and error. 

The cost-to-go function, 

N-J 

J{i)=g(xN ) + Lg(XbUk) 
k=O 

Approximation of the cost-to-go function ,s 

N-J 

J(i, r) = r{O) + L r(k)¢k (i) 
k=O 

(6) 

(7) 

where, r(k) are coefficients and <Pli) is the basis function. 

Sigmoid function is used as the basis function in feed forward 

neural network applications. 

The approximation function then becomes 

(8) 

where O"("L r{k,l)x[{i)) is the output of sigmoid function L.[=J 
and XI are the inputs. Once the training data is available, the 

coefficients of neurons are modified by using least square 
optimization methods by minimizing 

(9) 
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VI. RESULTS 

The layer and neuron numbers of feed forward neural 

network are decided by trial and error. This is the common 

practice of NDP and one of its weaknesses. Two hidden layers 

which contain 900 neurons are used in this study. The input 

layer consists of 30 neurons since the predicted speed profile 

horizon is chosen as 30 in length. There are 29 decisions 

belonging to this interval. Neural Network is trained in 2000 
epochs. 

Optimum DP solution and Neural Network approximation 

of the electric motor in a hybrid electric vehicle for randomly 

generated speed profiles are illustrated in Figure 9. As seen in 

this figure, the approximation is deemed to be sufficient with 

regard to engineering assumptions. There are small 

fluctuations at constant power levels. This can be mitigated 

using appropriate low-pass filters. The optimal Dynamic 

Programming and the approximate but real time 

implementable Adaptive Neural Network solutions compared 
using different color in the bottom of Fig. 9 are quite similar to 

each other. 

0.4 -0.12 

0.35 -0.14 
"0 0.3 "0 Q) � -0.16 Q) tli 0.25 (J) 

0.2 -0.18 

10 20 30 -0.20 10 20 30 
Time [5) Time [5) 

0.5 
:;; 
� 0 
0.. 

-0.5 

30 -10 10 20 30 TlIMlsl Time [5) 

Fig. 9 Optimum EM power distribution computed by using DP & ANN 
methods. 

The optimum DP and NDP results for two randomly 

generated cycles are illustrated in Figure 10-15 and tables 2-3. 

The same DP algorithm which is prepared for EUDC cycle is 
used to compute global optimum for predicted speed profiles 

in lengths of 30 seconds. 
There will be SOC deviation in short predicted speed 

profiles since the DP algorithm is prepared for long cycles 

which aims keeping the final SOC level at the same as its 
beginning level. On the other hand, the DP algorithm is 

devised in such a way that, available braking energy should be 

wholly recuperated. There may be no freedom as seen in 

results, in this objective, the vehicle may be all in braking 

mode during predicted speed profile horizon. Even with this 

approach, NDP gives substantial fuel consumption results with 

positive SOC deviation. 
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Fig. 10. Random cycle (I) 
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Fig. II. SOC Values as a result of DP & ANN solution 
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Fig. 12. Optimum EM Power Comparison - DP& ANN 

TABLE 2 COMPARlSON OF THE RESULTS (I) 

Fuel Consump. Improvement �SOC 
Conventional 10.991/100 Ian - -
DP Solution 9.39 1/100 km 14.5% 0% 
NDP Solution 10.53 1/100 Ian 4.12 % 1.7% 
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Fig. 14. SOC Values as a result of DP & ANN solution 
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Fig. 15. Optimum EM Power Comparison - DP& ANN 

TABLE 3 COMPARlSON OF THE RESULTS (2) 
F. Consumption Improvement llSOC 

Conventional 9.24 1/100 km - -

DP Solution 8.07 1/100 km 12.6% 0% 
NDP Solution 8.84 1/100 km 4.35 % l.l4% 

VII. CONCLUSIONS 

These methods are studied in order to show the Dynamic 

Programming solution of highly complex structures can be 

approximated by using artificial learning algorithms. These 

kinds of studies require advanced and developed computation 

architectures such as parallel and distributed computation 

environments. All of the computations including training the 

neural networks, have been performed with a personal desktop 
computer. There are effective and advanced neural network 

structures and training algorithms. The use of advanced 

training algorithms and networks require fast processors and 

big memory allocations since the matrices have very big 

dimensions. Even if these kinds of computation environments 
are to be used for fmding a function which approximates the 

DP solution, it may take a long time. Upon completing offline 

computations, the function that is attained for approximating 

DP solution can be used online for determining sub-optimum 

real time solutions. 

Another important point is to improve accuracy in 

prediction of speed profile. This can be managed by using 

appropriate updating algorithms and methods . 
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